Abstract. Let {Tn}n be a sequence of bounded linear operators on L ∞ such that Tn → 1 and Tng − g ∞ → 0 for every g ∈ QC. It is proved that Tnf − f ∞ → 0 for every f ∈ L ∞ .
Introduction
In 1953, Korovkin [8] (see also [9] ) proved the following exciting approximation theorem: if {T n } n is a sequence of positive linear operators on C([0, 1]) such that T n t j − t j ∞ → 0 for j = 0, 1, 2 as n → ∞, then T n f − f ∞ → 0 for every f ∈ C([0, 1]). In 1968, Wulbert [14] proved that this theorem is also true if the condition "positivity" is replaced by the one " T n → 1". Recently, there has been much research on this subject, Korovkin type approximation theorems; see the monograph by Altomare and Campiti [1] .
Let Ω be a compact Hausdorff space and let C(Ω) be the space of complex valued continuous functions on Ω. For a closed subset E of Ω and f ∈ C(Ω), let f E = sup{|f (x)|; x ∈ E}. When E = Ω, we write f ∞ = f Ω . Let S be a closed subspace of C(Ω). We say that the sequential type Korovkin approximation theorem holds on C(Ω) for S if for every sequence of bounded linear operators {T n } n on C(Ω) such that T n → 1 and T n g − g ∞ → 0 for g ∈ S, then it follows that T n f − f ∞ → 0 for every f ∈ C(Ω). S is called test functions. We can also consider the net type Korovkin approximation theorem by replacing the condition "a sequence {T n } n " by "a net {T α } α ". The interesting problem is for which S the sequential type Korovkin theorem holds on C(Ω). Takahasi [13] (see [14] ) proved that the net type Korovkin theorem holds on C(Ω) for S if and only if the Choquet boundary of S coincides with Ω. It is easy to see that if the net type Korovkin theorem holds for S then the sequential type Korovkin theorem holds for S. In [6] , the author, Takagi and Watanabe show that if S is separable then the converse of the above fact is true. In [12] , Scheffold gave the example of S such that the sequential type Korovkin theorem holds but the net type Korovkin theorem does not hold. The given S in [12] is the closed ideal of C(Ω) with some additional properties. As a completion of Scheffold's result, in [7] the author, Takagi and Watanabe prove that the sequential type Korovkin theorem holds on C(Ω) for a closed ideal S with S = {f ∈ C(Ω); f = 0 on Γ}, where Γ is a closed subset of Ω, if and only if Γ does not contain any quasi G δ -subsets of Ω, where a closed subset E is called quasi G δ if there exists a sequence of open subsets {U n } n of Ω such that U n+1 ⊂ U n and E = ∩ ∞ n=1 U n , where U n is the closure of U n in Ω. It seems very difficult to give a complete characterization of C * -subalgebras S of C(Ω) for which the sequential type Korovkin approximation theorem holds. In this paper, we study the sequential type Korovkin theorem on the unit circle.
Let 
, where C is the space of continuous functions on ∂D. Let 
We denote by suppµ x the closed support set of µ x . The following is a characterization of functions in QC.
The set Q x is called the QC-level set associate with
By the author [4, 5] , the set N (f ) was investigated extensively. In this paper, the N (f ) plays the essential role.
ThenÑ (f ) coincides with the closure of ∪{suppµ
The following is a key to proving our theorem. Proof. Let
Then W n is open and closed. By Lemma 3, the set ∩ Proof. Take points ζ 1 and ζ 2 in M (L ∞ ) such that
For each n, let f n (e iθ ) = |e iθ + 1| n /2 n for e iθ ∈ ∂D and let
Then {T n } n is a sequence of bounded linear operators on L ∞ with T n = 1. Since
, it is not difficult to see that
Take f 0 ∈ L ∞ with f 0 (ζ 1 ) = 0 and f 0 (ζ 2 ) = 1. Then
Theorems
The following is the main theorem in this paper. The proof is similar to the one of Theorem 2 in [7] . But our proof is deeply concerned with the property ofÑ (f ) for f ∈ L ∞ .
Theorem 1. Suppose {T n } n is a sequence of bounded linear operators on L
Proof. Let {T n } n be a sequence of bounded linear operators such that T n → 1 and 
By Lemma 3, we may assume that V n ∩Ñ (f 0 ) = ∅. By Lemma 4, considering a subsequence we may assume the existence of x n in V n such that
By (1), we have
Also considering a subsequence, moreover we may assume that Then by Lemma 1 and the definition ofÑ (f 0 ), we have hf 0 ∈ QC. Hence by taking a smaller subset of W , we may assume that
By (6) and c = 0, there exists a function F in QC such that
Since f 0 ∞ = 1, by (5) and (8) it is not difficult to see that
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Since F ∈ QC, by our assumption we have T n F − F ∞ → 0. Hence we obtain lim sup
Since w 0 is a cluster point of {x n } n , there exists a subsequence {x nj } j of {x n } n such that
Therefore we have (4), (9) and (12) ≥ 1 + σ by (5).
This contradicts (11). Thus we get our assertion.
The key point of the proof of Theorem 1 is the following: for f ∈ L ∞ the union set of all QC-level sets on which f have non-zero oscillations is a very small subset of M (L ∞ ). If its union set occupies a very big part of M (L ∞ ), we may not expect that the sequential type Korovkin theorem holds. We give an example such that the sequential type Korovkin theorem does not hold on some closed subsets of M (L ∞ ).
Example. Let {z n } n be a sparse sequence in D, that is,
Let b be the associated sparse Blaschke product;
Then by [4] we have that
We shall prove that the sequential type Korovkin theorem does not hold on C(N (b)) for test functions QC|N (b). We note that b has non-zero oscillation on Q x for each x ∈ Z(b).
Let ζ ∈ N (b). By (a) and (b), there corresponds a point (N(b) ) and T is a bounded linear operator on C(N (b)) with T = 1. By the definition of T , we know that T is the identity operator on QC|N (b). Set T n = T for every n; then
Hence T n f 0 − f 0 N (b) does not converge to 0 as n → ∞.
In the same way as the proof of Theorem 1, we have the following theorems.
Theorem 2. Let {T n } n be a sequence of bounded linear operators on H ∞ such that T n → 1 and
Proof. We give a remark for the proof of this theorem.
(#) We cannot find F in QA which satisfies (9). To overcome this difficulty, it is sufficient to show that for every > 0 there exists F in QA such that F (w 0 ) = c, |F | < on W c and |F | + |c − F | < 1 + on M (L ∞ ). The existence of such an F is proved in the proof of Theorem 2 in [6] for general function algebras.
Let I be the identity operator on L ∞ . For a bounded linear operator T on L ∞ , let T QC = sup{ T f ∞ ; f ∈ QC, f ∞ ≤ 1}. Proof. We give the outline. Suppose that there exists a sequence {f n } n in C(M (L ∞ )) such that f n ∞ = 1 and T n f n − f n ∞ > σ > 0.
By considering a subsequence, we may assume the existence of {x n } n in M (L ∞ ) such that x n / ∈Ñ (f n ), |(T n f n )(x n )−f n (x n )| > σ, (T n f n )(x n ) → a, and f n (x n ) → b. Take c with |b − c| ≤ 1 and |a − c| ≥ 1 + σ. Find F n in QC such that F n − f n ∞ < σ/2 + 1 and F n (x n ) = c.
By our assumption, we have lim sup n→∞ F n − T n f n ∞ < σ/2 + 1,
This is a contradiction.
